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Abstract: The aim of this work is to study a system of generalized mixed
variational inequality and its approximate solvability using the resolvent opera-
tor technique. The results presented in this work are more general and include
many previously known results as special cases.
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1. Introduction and Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by
(-,-y and ||-||, respectively. Let ¢ : H — (—o00,+00) be a proper convex lower
semi-continuous function on H. Let T,g : H — H be nonlinear operators. In
1999, Noor [6] studied the problem of finding * € H such that

(Tz*, g(y") — g(z")) + 0(9(y™)) — ¢(g(z™)) 20, Vg(y*) € H. (1)

The inequality of type (1) is called the general mixed variational inequality. A
wide class of linear and nonlinear problems arising in pure and applied sciences
can be studied via the general mixed variational inequalities (1).
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We consider the following system of generalized mixed variational inequality
problem (SGMVI): find z*,y*, 2* € H such that

(P11 (y", 2") + g(z*) — g(y*), @ — g(x")) + p(z) — p(g(z"))
(Ta(x,y") + 9(y*) — 9(z*), 2 — g(y")) + (x) — w(9(y"))

forallz € H, p>0,n>0, whereTh,1T5: HxH — H, g : H — H are nonlinear
operators.

If ' =715 = T and g = I, then the problem (SGMVI) reduces to the
following system of mixed variational inequalities considered by [3, 7] for finding
z*,y* € H such that

>0,
- 2
>0, (2)

(pPT(y",2") + 2" —y*, 0 — ") + p(x) — p(z¥)

07
(T (", y") +y* —a* 2 —y") + o(r) —p(y") >0, ®)

AV

forall z € H, p > 0,7 > 0.
If K is closed convex set in H and ¢(z) = dx(z), for all z € K, where dx
is the indicator function of K defined by

S1c() = 0, ifzeK;
= 400, otherwise,

then the problem (2) reduces to the following system of general variational
inequality problem: Find z*,y* € K such that

(pTi(y", ") + g(a) — g(y"),x — g(z7)) =
(nTa(a",y") + 9(y") — g(x"), 2 — g(y")) >
forallz € K, p> 0,7 > 0.
The problem (4) has been studied in [11].

If Ty =T5 =T and g = I, then the problem (2) reduces to the following
system of general variational inequality problem: find z*,y* € K such that

. (@

(pT(y*, ") + 2" —y", o —2*) >0,
T " y")+y" —a" 2 —y*) >0,

()

for all z € K, p > 0,7 > 0. The problem (5) is studied by Verma [8, 9] and
Chang et al. [2].
For a multivalued operator T': H — H, we denote by

D(T)={ue H:T(u)#0},
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the domain of T,

the range of T,
Graph(T) = {(u,u*) € H x H :w € D(T) and u* € T'(u)} ,

the graph of T'.

Definition 1. T is called monotone if and only if for each u € D(T),
v e D(T) and u* € T(u), v* € T(v), we have

(W —u* v —u) >0.

T is maximal monotone if it is monotone and its graph is not properly contained
in the graph of any other monotone operator.
T~ is the operator defined by

veT u) e ueT().

Definition 2. (see [1]) For a maximal monotone operator T, the resolvent
operator associated with 7', for any o > 0, is defined as

Jr(u) = (I +0T) Yu), Yue H.

It is known that a monotone operator is maximal if and only if its resol-
vent operator is defined everywhere. Furthermore, the resolvent operator is
single-valued and nonexpansive, i.e., ||Jrx — Jry|| < ||z —y||, Vz,y € H. In
particular, it is well known that the subdifferential dp of ¢ is a maximal mono-
tone operator, see [4].

Lemma 3. (see [1]) For a given y,z € H satisfies the inequality
(u—z,x —u) + Ap(x) — Ap(u) >0, Ve € H

if and only if u = J,(2), where J, = (I + Adyp) ! is the resolvent operator and
A > 0 is a constant.

Using Lemma 3, we will establish the following important relation:
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Lemma 4. The variational inequality problem (2) is equivalent to finding
x*,y* € H such that

(6)
where p,n > 0 and J, = (I + 0p) L.

Proof. Let x*,y* € H be a solution of (2). Then for all x € H, we have

(pPTi(y*,2") + g(z") — g(y"),x — g(=™)) + p(z) — p(g(2")) >0,
NTa(z*,y") + g(y") — g(z™), x — g(y")) + ¢(z) — ©(g(y*)) >0,

which can be written as

(9(z") = [9(") = pT1(y", 2")] ;& — g(a7)) + p(x) — p(g(z")) 2 0, 7)
(9(") = [9(z") = nTa(z",y")], 2 — g(y")) + ¢(z) — (9(y7)) 2 0,
using Lemma 3 for A = 1, we can see that (7) is equivalent to
9(") = Jolg(y*) — pTa(y", 2%)]
9(") = Jo lg(z") — nTa(a™,y")]
This completes the proof. O

Lemma 4 implies that the system of general mixed variational inequality
problem (2) is equivalent to fixed point problem. This alternative equivalent
formulation if very useful from numerical point of view. Using this fixed point
formulation, we suggest and analyze the following iterative algorithm.

Algorithm 1. For arbitrary chosen points xg,y9 € H, compute the se-
quences {x,}, {yn} such that

g(xn-i-l) = (1 - an)g(xn) + aan [g(yn) - ,0T1(yn, xn)]
g(yn) = (1 - Bn)g(xn) + IBTZJL,D [g(xn) - 77T2($myn)] 5

where J, = (I + dp)~! is the resolvent operator, {a,}, {8,} are sequences in
[0,1] and p,n are positive real numbers.

(®)

If 71,75 : H — H be univariate mapping, then Algorithm 1 reduces to the
following:
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Algorithm 2. For arbitrary chosen points zq,y9 € H, compute the se-
quences {z,}, {yn} such that
9(@ni1) = (1 = an)g(@n) + andy [9(yn) — pTi(yn)]
9(Wn) = (L= Bn)g(xn) + Bndy [9(zn) — nTa(wn)] ,

where J, = (I + dp)~! is the resolvent operator, {a,}, {8,} are sequences in
[0,1] and p,n are positive real numbers.

(9)

If B, = 1, then Algorithm 1 reduces to the following:

Algorithm 3. For arbitrary chosen points zq,y9 € H, compute the se-

quences {x,}, {yn} such that
9(@ny1) = (1 — an)g(@n) + andy [9(yn) — PT1(Yn, 2n)] (10)
9(yn) = Jo [9(zn) — nTo (2, yn)] ,

where J, = (I + dp)~! is the resolvent operator, {a,} is a sequence in [0, 1]
and p,n are positive real numbers.

If 74,15 : H — H are univariate mapping and (5, = 1, then Algorithm 1,
reduces to the following:

Algorithm 4. For arbitrary chosen points zg, 39 € H, compute the se-
quences {z,}, {yn} such that

9(Tny1) = (1 — an)g(xn) + andy [9(yn) — PT1(yn)]
9(yn) = Jio l9(an) — nT2(zn)]

where J, = (I + )1 is the resolvent operator, {ay,} is a sequence in [0, 1]
and p,n are positive real numbers.

(11)

2. Main Result

We now present the approximation solvability of the problem (2). For this
purpose we first give some definitions:

Definition 5. An operator 7': H x H — H with respect to an arbitrary
operator g is said to be :
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(i) (g,v) strongly monotone, if for each x,2’ € H, there exists a constant
v > 0 such that

(T(x,y) — T(x,y), 9(x) — g(a")) > v ||g(x) — g(a")|]”

holds, for all y,y' € H;

(i) (g,w) cocoercive, if for each x, 2" € H, there exists a constant w > 0 such
that

<T(CC, y) - T(CC/, y/)a g(.’E) - g(CC/)> > —w HT(‘T7 y) - T('T/a y/)H2
holds, for all v,y € H;

(iii) relaxed (g,w,t) cocoercive, if for each z,2/ € H, there exists constants
t > 0 and w > 0 such that

(T(z,y) — T(«',y), g(z) — g(a')) > ~w || T(z,y) — T(z"y)|*

+t[|g(z) — g(2")|”
holds, for all y,y' € H;

(iv) (g, p) Lipschitz continuous in the first variable, if for each =, 2" € H, there
exists a constant p > 0 such that

1T (z,y) = T(@',y)| < pllg(z) — g2

holds, for all y,y' € H.

Definition 6. A mapping g: H — H is said to be (—expansive if for all
x,y € H, there exists a constant ¢ > 0, such that

lg(x) =gl = Cllz =yl -

Lemma 7. (see [10]) Let {a,} and {b,} be two nonnegative real sequences
satisfying the following conditions:

Gpt1 < (1 _dn)an+bn7 Vn>ng,

where ng is some nonnegative integer, d, € (0,1) with Y > d, = oo and
b, = o(d,), then a, — 0 (as n — c0).



SOLVABILITY OF A SYSTEM OF... 411

Theorem 8. Let g: H — H be (—expansive and T; : H x H — H be
two-variable relaxed (g,wj,t;)-cocoercive and (g, u;)-Lipschitz mapping in the
first variable for 1 = 1,2. In addition, the following assumptions hold:

o 2
(i)OSpSW; t > wip?,

(ii)) 0 <n < 2

to— W2N2 2
,U' ) 5 tQ > wWa by

(iii) 0 < oy, B <1, 300y =00, limy 00 (1 — 3,) = 0.

Then the sequences {z,} and {y,} generated by (8) converges to x* and y*
respectively.

Proof. For z*,y* € H, by Lemma 4, we have
9(@*) = Jy [9(y") — pTa(y", 2")] ,
9W*) = Jo lg(@*) — nTa(=",y")] ,

To prove the result, we first evaluate ||g(zp+1) — g(z*)| for all n > 0. Using
(8), we obtain

lg(zn+1) — g(z)]|
<N = an)g(@n) + andy [9(yn) — pT1(Yn, zn)] — g(@™)||
< (1 —an) llg(zn) — glz®)|
+ an [ [9(yn) — PT1(Yn, 2n)] — o [9(y") — pTa(y", 27|
< (1 —an)llg(zn) — gz
+an [lg(yn) — 9(y*) — p[T1(Yn, 2n) — Ta(y™, 2")]| - (13)

Since T is relaxed (g,ws,t1)-cocoercive and (g, p1)-Lipschitz mapping in the
first variable, we have

l9(yn) = 9(y") = p (T1(yn> 2n) — Ta(y*, )|
= llg(yn) = 9W)I” = 20 (T2 (yn, z0) — T1(y*, %), 9(yn) — 9(y"))
+ P2 1Ty (Y ) — T (y*, )|
< lg(yn) — g + 2001 | T2 (yn, 2n) — Tr(y*, 27|
—2pt1 lg(yn) — 9@ + p* | T (yn, 2n) — Tr(y*, 27|
< llg(yn) = g1 + 2pw113 llg(ym) — 9™
= 2pty [lg(yn) — 9@ + p°3 lg(yn) — 9(y*)II?
= [1+ 2pwipii — 2pt1 + p°113] g (yn) — 9(y*)II? (14)

(12)
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By (13) and (14), we have

19(zns1) = g(@*)| < (1 —an) [lg(xn) — g(z7)]|

+ anb 9(um) — 90y - =

where 01 = /1 + 2pw1p3 — 2pt1 + p2p3. Again, from (8), we have

9(yn) — gy ) < (L = Bu)g(wn) + Budy [9(zn) — nT2(2n, yn)] — 9(y")||
< (1= Bu) llg(zn) — gyl
+ Bnllg(@n) — g(x*) = n [To(@n, yn) — T1(z*,y")]I| . (16)

Since Ty is relaxed (g,ws,t2)-cocoercive and (g, pe)-Lipschitz mapping in the
first variable, we have

l9(zn) = g(z*) = n [Ta(xn, yn) = To(2", y")]|

< 02 lg(an) — g(a")| "
where 0y = \/1 + 2nwaud — 2nta + n2ui.
Substituting (17) into (16), we get
l9(yn) =gy < (1 = Bn) llg(@n) — gl + Bub2 llg(zn) — g(™)]]
< (1= 6n) (lg(zn) — g2l + (™) — g(y)Il)
+ Bt llg(zn) — g(z™)|
=[1=Bn(1 = 02)] lg(zn) — g(z")]|
+ (=B llg(=") =gl - (18)
Substituting (18) into (15), we get
l9(@ns1) = g(z)[ < (1 = an) llg(2n) — g(«™)|
+ oty [1 = Bp(1 — 62)] |lg(zn) — g(=™)|
+ a1 (1 = Bn) [lg(z™) — g(y7) |l
=1 —on {1 =601 =5, (1-02)}] llg(zn) — g(z")]
+ anbi(1 = Bn) [lg(z*) — g(y")ll (19)

Set

ap = ||g(xn+1 - g(xn)H >
bp = anbi(1 = By) [lg(z™) — gy )l ,
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and

dp =, {1 —=01(1—08,(1—62))}.

Since 61,02 < 1, we have d,, € (0,1) for all n > 0. Condition (i) and (4¢) implies
that b, = o(dy,). Also by condition (ii7), we can see that d,, > a,(1 — 6;) for
all n > 0 and so from the condition ) ° ja,, < oo, we obtain >  d, < co.
Hence by Lemma 7, we have

lim |lg(z,) = g(«")[ =0, and lim [lg(ya) —g(y")[ = 0.

n—oo
Since g is expansive, we have
lim z, = 2%, and lim y, =y*
n ) Yn =19 -
n—oo n—oo

This completes the proof. ]

Remark 1. Theorem 8 extends and generalizes the main result in [3],
which itself is an extension and improvement of the main result in Chang et al.

[2].
As a consequence of Theorem 8, we have the following results:

Corollary 9. Let g : H — H be (—expansive and T; : H — H be
univariate relaxed (g,w;,t;)-cocoercive and (g, j1;)-Lipschitz mapping for i =
1,2. In addition, the following assumptions hold:

. 2(t1— 2
(I)OSpS(tlui?ml); t1>wlﬂ%;
.. 2(ta— 3

OUOSnSJE%ﬂQ;h>ww&

(iii) 0 < ap, fBn <1, Y07 jay = 00, limy oo (1 — ) = 0.

Then the sequences {x,} and {y,} generated by (9) converge to x* and y*,
respectively.

Corollary 10. Let g: H — H be (—expansive and T; : H x H — H be
two-variable relaxed (g,w;,t;)-cocoercive and (g, u;)-Lipschitz mapping in the
first variable for i = 1,2. In addition, the following assumptions hold:

. 2(t1—wip?
(gogpglifﬂﬁ;h>wmi
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_ 2
(i) 0< < 2]y o g,
(iii) 0 <, <1, > 00 oy, = 00.

Then the sequences {z,} and {y,} generated by (10) converge to z* and y*,
respectively.

Corollary 11. Let g : H — H be (—expansive and T; : H — H be
univariate relaxed (g,w;,t;)-cocoercive and (g, u;)-Lipschitz mapping for i =
1,2. In addition, the following assumptions hold:

. 2(t1 —wi p?
(1)0§p§(+§”‘1); t > wipl,

.. 2(to— 2
(i) ogng(”uig%); t2>(,u2,u%,
(iii) 0 <, <1, > 00 oy = 00.

Then the sequences {z,} and {y,} generated by (11) converge to z* and y*,
respectively.
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